A group K is said to be capable if it is isomorphic to the inner Ž . automorphism group Inn M of some group M. The term was coined in w x w x 25 , though the notion was first studied by Baer 4 who determined all w x finitely generated abelian capable groups. P. Hall remarked in 26 that characterizations of capable groups are important in classifying groups of w x prime power order. Recent work on capability can be found in 6, 7, 37 . One aspect of the present article is the definition and investigation of a slightly more general notion: a group is relati¨ely capable if it is a normal subgroup of some capable group. This generalization has been studied w x previously by Shahriari 37 who proved that neither the quaternion group n Ž . n Ž . of 2 n G 3 , nor the quasi-dihedral group of order 2 n G 4 , is Ž . relatively capable. We obtain sufficient conditions Corollary 9 for a group not to be relatively capable, from which Shahriari's results follow as but one example. The main purpose of the paper is, however, to suggest that the extensive theory on capability, Schur multipliers, and central series of groups could be extended in an interesting and useful way to a theory for pairs of groups; by a pair of groups we mean a group H and normal subgroup M. ''Capable pairs'' are defined in terms of J.-L. Loday Note that any absolutely capable group K is relatively capable since it is Ž Ž .. isomorphic to the image of the homomorphism :
Consequently n Ž . neither the quaternion group of order 2 n G 3 , nor the quasi-dihedral n Ž . group of order 2 n G 4 , is absolutely capable. Also note that absolute capability does not imply capability. For instance, the infinite cyclic group w x C is not capable 4 , yet it is absolutely capable since its absolute centre is ϱ trivial. w x We define the G-commutator subgroup of M to be the subgroup G, M generated by the G-commutators
To see this, associate to each n g M some element n g G in the preimage under Ž .
The w x normality of G, M then follows from the indentity 
Ž .
iii If M is finitely generated then obviously we can set M s M. If 0 w x Ms M,M then we can take M to be the subgroup finitely generated by 
Ž .
An obvious sufficient condition for the capability of the pair
G, N is Ž . n Ž . that Z N s 1. We work toward the definition of a subgroup Z N of G G Ž . n Ž . Ž .
Z N with the property that Z N is trivial if and only if G, N is

G G
capable. w x Let N and P be arbitrary normal subgroups of G. Recall from 12 that the exterior product P n N is the group generated by symbols p n n for p g P, n g N subject to the relations
xnxs1,
There is a homorphism : P n N ª Ž . w x G defined on generators by p n n s p, n , and there is an action of G g Ž . g g on P n N defined on generators by p n n s p n n. We define the exterior P-centre of N to be 
G
We now work toward a proof of Theorem 3.
A projective object in this category will be termed a projecti¨e relative central extension. Proof. The induced homorphism and action certainly form a relative Ž . central extension of GrL, NrL . In fact there is a functor #: 
is exact.
Ž .
For n G 0 we denote by H G the nth homology of the group G with n integer coefficients. There are several equivalent ways to define relative Ž . Ž . Ž integral homology groups H G, N of the pair G, N see for instance n w x . 33, 16, 9 . The essential feature of relative homology is a natural long exact sequence
for n G 0. Immediate consequences of this sequence are the isomorphisms
where R is a normal subgroup of a free group F such that FrR ( G. The w x following useful isomorphisms are implicit in 12, 14 :
The first isomorphism of the following theorem can be regarded as a Hopf type formula for the second relative homology of a pair; on taking G s N w x this isomorphism reduces to the main result of 21 .
Proof. We shall use the language of crossed modules and crossed Ž w x complexes quite freely in this proof see for instance 10, 5, 17 . Let R u F¸G be a free presentation of the group G. Let S be the preimage in F of the normal subgroup N. Let
be a free crossed resolution of the quotient group FrS ( GrN; in other words, it is an exact crossed complex, Ѩ : C ª F is a free crossed module, Ž . Ž . Ž C is a free ‫ޚ‬ GrN -module for n G 2, and Ѩ C s S. Set s ker Ѩ : C n 2 . ª F . Note that the action of F on C restricts to an action of F on , 
Ž . 3 2 We have a commutative diagram of groups We can now see that Proposition 1 has implications for the exterior product G n N. For instance, if N is a finite group of order l then G n N has finite exponent dividing l. To prove this assertion is suffices to Ž . construct a projective relative central extension
Ž . divides l, and then invoke Proposition 1 i and Theorem 7 ii .
Ž . To see that the hypothesis of Proposition 1 ii is not redundant, let N s ‫ޚ‬ and take G to be a ‫ޚ‬ -vector space with infinitely countable basis. 2 2
with infinitely countable basis, and in particular is an infinite group. We now prove Theorem 3. Suppose that Ѩ : M ª G is a projective Ž . relative central extension of G, N . The following statements are equivalent:
Ž . Ž . The equivalence ii m iii follows from Theorem 7 ii . The equivalence Ž .
Ž . i m iv together with Lemma 5 proves Theorem 3.
Theorem 3 can be used to decide whether certain groups are relatively capable or even capable. For finite groups G of reasonably low order, a n Ž . w x computer program which computes Z N is described in 20 . This x Ž w x. 28᎐31, 35, 36 see also 12, 18 ; it is fairly routine to determine corre-Ž . sponding exterior G-centres Z G from these computations. We shall G w x give two corollaries to Theorem 3, the first of which generalizes Baer's 4 characterization of finitely generated capable abelian groups. We thank Ž the referee for the correct formulation and proof of this result. For Baer's Ž . result take G s N and note that G is capable if and only if the pair G, G . Ž. Ž. Ž. is capable. We let C 0 , C 1 , C 2 , . . . denote cyclic groups of order ϱ, 1, 2, . . . . COROLLARY 8. Let G be a finitely generated abelian group with subgroup N. Write G and N in the forms 
i n s 0;
n n y 1 n n w x Proof. As explained in 11 , the exterior product of groups defined above coincides with the usual one when dealing with abelian groups.
n Ž . 
X Ž . n Ž . g n y goes to y under these correspondences. Therefore Z N : n G r a n C . For similar reasons, x n g s 1 for all x in G if and only if n n
r, and a r. So Z N is generated by g , where s s Proof. Let G be any group containing N as a normal subgroup. We Ž . must show that the pair G, N is not capable. There is a canonical commutative triangle
in which the isomorphism is due to H N s 1. Let z be a nontrivial 2 w x element in N, N which is fixed by all automorphisms of N. Let g be an arbitrary element in G, and z an arbitrary element in N n N which maps
Since is injective it follows that g n z s 1.˜n Ž . Ž . Hence z lies in Z N , and G, N is not capable. Proof. Let L be any central subgroup of G contained in N. Then Lemma 6 implies a commutative diagram It is, in fact, just as convenient to study a slightly more general series. So for the remainder of the article let q be an arbitrary nonnegative integer, and let N and P be any normal subgroups of G such that G s PN. Given Ž q subgroups U and V of G we denote by U࠻V or U࠻ V when we wish to . emphasize the value of q the subgroup generated by all elements of G of the form
Note that when q s 0 and P s G the groups ␥ G, G, N and ␥ G, N n n . coincide. 0 Ž . The exterior product P n N is relevant to the series ␥ G, P, N . For n q w q G 0 we need the q-exterior product P n N which was introduced in 22, x 0 q 13 . So set P n N s P n N, and for q G 1 let P n N be the group Ä 4 generated by symbols p n n and x for p g P, n g N, x g P l N, subject to the following relations for p, p xnxs1.
There is a homorphism : P n q N ª G defined on generators by p n n w x Ä 4 q ¬ p, n , x ¬ x . Ž . The relative integral homology groups H G, N were introduced above. 
